A stochastic time-change is applied to introduce dependence to a portfolio of creditrisky assets whose default times are modeled as random variables with arbitrary distribution. The dependence structure of the vector of default times is completely separated from its marginal default probabilities, making the model analytically tractable. This separation is achieved by restricting the time-change to suitable Lévy subordinators which preserve the marginal distributions. Jumps of the Lévy subordinator are interpreted as times of excess default clustering. Relevant for practical implementations is that the parameters of the time-change allow for an intuitive economical explanation and can be calibrated independently of the marginal default probabilities. On a theoretical level, a so-called time normalization allows to compute the resulting copula of the default times. Moreover, the exact portfolioloss distribution and an approximation for large portfolios under a homogeneous portfolio assumption are derived. Given these results, the pricing of complex portfolio derivatives is possible in closed-form. Three different implementations of the model are proposed using a compound Poisson subordinator, a Gamma subordinator, and an Inverse Gaussian subordinator. In each case using two parameters to adjust the dependence structure, the model is capable of capturing the full range of dependence patterns from independence to complete comonotonicity. A simultaneous calibration to portfolio-CDS spreads and CDO tranche spreads is carried out to demonstrate the model's applicability.
Introduction
Several multivariate default models rely on the technique of conditional independence. The default of each firm in the considered credit portfolio depends on mostly two sources of randomness; one firm-individual risk factor, the other being a market factor representing the uncertainty affecting all firms simultaneously. Conditional on the market factor, all default events are independent, which makes these models analytically tractable. This idea was first developed by [25] and put into a copula framework by [18] . In these models, idiosyncratic and market factors are modeled using normal distributions. As this assumption constrains the range of possible dependence structures, [14] generalized the 1 Introduction model using t-distributions, [17] using NIG distributions, and [1] using a general Lévy framework. On a high level, our model is based on the same approach; yet, the common factor is replaced by a stochastic process which introduces a dynamic aspect.
The major difficulty in setting up a dynamic portfolio model is the evolution of the dependence structure. It has not been accomplished yet to impose a given dependence structure on arbitrary stochastic processes, an issue which was recently explored by [4] on a theoretical level. A popular approach to introduce dependence to stochastic processes is to subordinate them with a common stochastic time-change. This bears the additional advantage of naturally implying a dynamic model. Recent examples for advanced models in the context of credit-risk are [13] , [16] , and [12] . Our approach pursues a similar idea as these models. However, the crucial innovation lies on the explicit separation of dependence structure and marginal default probabilities. This property turns out to be fruitful for the derivation of several theoretical results and is also convenient for calibration purposes.
Another popular approach to capture the risk of correlated defaults is the class of doublystochastic default models, see e.g. [7] , [9] , and [26] . These models introduce dependence to individual default events, defined as the first jump of some Poisson process, by assuming correlated default intensities. Often, common risk factors with economical interpretation are used to drive the individual intensities. Consequently, conditional on these risk factors all default events are independent. Evidence is found in [7] that such models fail to explain excess clustering. Moreover, these models typically do not support joint defaults with positive probability. This is due to the fact that the hazard process is defined as the integrated intensity and is thus continuous. In contrast, our approach models the hazard process directly as a Lévy subordinator, which allows for jumps. This induces positive probabilities of joint defaults.
The starting point for the construction of our default model is the idea of a common stochastic time-change underlying the individual default times. A high level of tractability is achieved if the time-change is suitably chosen. More precisely, introducing a time normalization we keep the marginal distributions of the involved processes invariant under the time-change. This leads to surprisingly many qualitative results on the model structure. In particular, the survival copula of all default times is computed and it is shown that the bivariate marginals are of Cuadras-Augé type. Additional analytical results include pairwise default correlations, the exact portfolio-loss distribution under a homogeneous portfolio assumption, an approximation for large portfolios, and the conditional portfolio-loss distribution given earlier default events. Finally, we implement the model using different choices for the time-change and perform a calibration to CDO tranches and portfolio-CDS spreads of the European iTraxx.
The paper is organized as follows. Section 2 provides mathematical notions and properties of Lévy subordinators. Section 3 explains the construction of the model. In Section 4 we derive and explore the implied dependence structure of the model. Section 5 prepares analytical formulas for pricing applications under the assumption of a homogeneous portfolio. Section 6 applies the model to the pricing of a CDO contract and presents a calibration of the model. Finally, Section 7 concludes.
Mathematical preliminaries
Let us first introduce some notations used throughout this paper. For two real numbers x, y we denote by x∨y the larger and by x∧y the smaller of both. The binomial law with n trials and success probability p ∈ [0, 1] is abbreviated by Bin(n, p), the exponential law with parameter λ > 0 by Exp(λ). Other distributions are usually denoted by means of their cumulative distribution function, mostly by the letters F and G. By writing X ∼ F we mean that the random variable X has distribution given by F . Moreover, for a stochastic process Λ = {Λ t } t≥0 we denote by [Λ] = σ(Λ t : t ≥ 0) the σ-algebra generated by the complete path of Λ. Finally, for a sample E 1 , . . . , E n of n i.i.d. random variables, we denote by E (1) ≤ · · · ≤ E (n) the order statistic of E 1 , . . . , E n . We use the same notation for real numbers x 1 , . . . , x n , i.e. x (1) ≤ · · · ≤ x (n) . It is further convenient to additionally define x (0) = 0 in this case.
Throughout this paper we work on a probability space (Ω, F, P). A one-dimensional Lévy process on this probability space is a càdlàg stochastic process Λ = {Λ t } t≥0 , starting at Λ 0 = 0, which has independent and stationary increments and is stochastically continuous. Standard references for Lévy processes include [22] , [3] , [2] , [23] , and [5] ; the latter two give applications to mathematical finance. Replacing the time in our default model requires the additional condition that almost all paths of Λ are non-decreasing; processes of this subclass are called Lévy subordinators.
One fundamental property of Lévy processes is the possibility of characterizing them completely in terms of few characteristics. In case of a subordinator, these are a drift µ ≥ 0 and a positive measure ν on (0, ∞). Given these, the Lévy subordinator Λ is completely determined by its Laplace transform
where Ψ is called Laplace exponent of Λ. Note that Ψ : (−∞, 0] → (−∞, 0] is strictly increasing unless Λ t ≡ 0.
Heuristically speaking, Λ is a process that grows linearly with constant drift µ ≥ 0 and is affected by random upward jumps. The Lévy measure ν of the interval [x, ∞) gives the expected number of jumps of Λ that are greater than or equal to x within one unit of time. In this paper we extensively exploit the convenient structure of the Laplace transform to construct the model. The following lemma is used in Example 2.3 to provide an intuitive interpretation of a so-called time normalization, which is defined in Definition 2.2.
Lemma 2.1 (Interpretation of the Laplace exponent)
Let Λ be a Lévy subordinator with characteristics (µ, ν) and corresponding Laplace exponent Ψ. Then, for each λ < 0 we have
where E is an exponentially distributed random variable with parameter −λ, independent of the subordinator Λ, and ∆Λ t = Λ t − lim u↑t Λ u . In particular, if λ is a fixpoint for Ψ, the right-hand side equals one.
Proof
Let λ < 0 and E ∼ Exp(−λ), independent of Λ. We divide Equation (1) by λ to get
, we obtain from Tonelli's theorem
establishing the claim.
To accomplish a separation of dependence structure and marginal distributions we impose the following normalization in what follows.
Definition 2.2 (Time normalization (TN))
Let F be a cumulative distribution function with F (0) = 0. Moreover, let Λ = {Λ t } t≥0 be a stochastic process which is almost surely non-decreasing and satisfies Λ 0 = 0. We say that Λ satisfies (TN) for the distribution
The following example is crucial for the construction of the multivariate default model and shows how F and Λ can be specified such that Definition 2.2 applies. The convenient structure of the Laplace exponent of a Lévy subordinator is exploited here.
Example 2.3
Let F (t) = 1 − exp(λ t) 1 {t>0} be the cumulative distribution function of an exponential random variable with parameter −λ > 0. Let Λ be a Lévy subordinator with characteristics (µ, ν) and corresponding Laplace exponent Ψ. Then, it holds that
At this point, let us briefly explain the intuition behind this example. Let E be exponentially distributed with parameter −λ and independent of the Lévy subordinator Λ. Further suppose that Λ satisfies (TN) for Exp(−λ). It is demonstrated above that this is equivalent to λ being a fixpoint of the Laplace exponent Ψ. By Lemma 2.1 this is equivalent to
By the lack of memory property of the exponential distribution, the stochastic process 1 {t≤E} is a continuous-time Markov chain with intensity matrix
Subordinating this Markov chain with Λ, it follows from the Lévy properties of Λ that 1 {Λt≤E} is again a continuous-time Markov chain, compare [24] . In general, the intensity matrix of the subordinated process is not invariant under the time-change. However, due to condition (TN), both Markov processes have the same distribution, i.e. the same intensity matrix Q. This Markov chain is degenerate, since it starts in state 1, remains there for the time E, and is then absorbed by state 0. The intuitive interpretation of Equation (2) is that during the expected lifetime of the Markov chain, the average number of jumps of the Lévy subordinator exceeding this lifetime must be equal to
Otherwise, the intensity matrix of the subordinated process is not equal to the original matrix Q.
The multivariate default model
We consider n defaultable firms and denote their default times by (τ 1 , . . . , τ n ). The i-th default time τ i is constructed in such a way that it has the pre-specified continuous and strictly increasing cumulative distribution function G i with G i (0) = 0, G i (t) < 1 for all t ≥ 0, i = 1, . . . , n. Allowing for (almost) arbitrary marginal distributions gives convenient freedom for a latter implementation of the model. Then, the cumulative hazard function h i (t) = − log 1 − G i (t) is well-defined for i = 1, . . . , n, and h i (t) tends to infinity as t does.
Let E 1 , . . . , E n be i.i.d. random variables with Exp(1)-distribution on a probability space (Ω, F, P). Let Λ be an independent Lévy subordinator satisfying (TN) for the unit exponential law, i.e. with Laplace exponent Ψ satisfying Ψ(−1) = −1 according to Example 2.3. We define the stochastic processes
Finally, our model consists of the {0, 1} n -valued stochastic process (A 1 , . . . , A n ) or equivalently of the random vector (τ 1 , . . . , τ n ). Note that the processes A i are dependent, as they are similarly affected by the common factor Λ. Let us remark that the default times in our framework may alternatively be considered as first-jump times of Poisson processes subject to a common stochastic clock.
Theorem 3.1 (Distributional properties) (a) For fixed t ≥ 0 and i = 1, . . . , n, each A i t follows a Bernoulli distribution with probability of success G i (t). Under P(.|[Λ]), A i t has success probability 1 − exp(−Λ h i (t) ).
(b) For each i = 1, . . . , n the random time τ i has law G i . This shows that the univariate marginals are invariant under the time-change.
(c) Let α ν := 2 + Ψ(−2). For i = j, the correlation coefficient Corr A i t , A j t , i.e. the default correlation of firms i and j up to time t is equal to
We assume the existence of the limits
Moreover, we assume the existence of an > 0 such that
This shows that the model is able to allow for a positive limit of default correlations; a property which is important for the pricing of correlation driven products with short maturity.
Proof (a) Clearly, A i t follows a Bernoulli distribution. We compute the success probability
where in the fifth equality we use Ψ(−1) = −1. From the above calculation we can immediately derive the second claim.
(b) This follows from part (a), since P(
In the last equality we use the Lévy properties of Λ. From these calculations the claim is obvious since
(d) Firstly, by the assumption on the existence and positivity of the limits G k (0) for k ∈ {i, j}, we obtain by L'Hospital's rule
Using this and the second assumption h i ≤ h j near zero, we can again apply L'Hospital's rule to the result in part (c) and obtain the claim.
Remark 3.2 (Link to Bernoulli Mixture Models)
Note that the result on the correlation in part (c) of Theorem 3.1 can also be stated in terms of the mixing variable Λ
In the exchangeable case h 1 = · · · = h n =: h, the covariance of the default indicators is given by the variance of the mixing variable 1 − exp(−Λ h(t) ). This result was already stated in [10] in the context of so-called Bernoulli Mixture Models.
Example 3.3 (Possible marginal distributions)
Note that our construction induces dependence to models with arbitrary marginal default probabilities. If for example λ i = {λ i t } t≥0 , i = 1, . . . , n, are deterministic non-negative intensities, we can define the marginal distribution functions as G i (t) = 1−exp(− t 0 λ i s ds). In this case, the cumulative hazard functions take the form
The parameter α ν = Ψ(−2) + 2 turns out to be an important measure for the induced dependence, see Theorem 4.1. Therefore, we explore the effect of the choice of Lévy measure on α ν in what follows. Lemma 3.4 shows that high dependence requires the time-change process to be of pure jump type. The larger the drift µ ≥ 0, the smaller is the dependence coefficient α ν . However, let us stress that Lemma 3.4 is not restrictive concerning the dependence, since µ is implicitly defined via the time normalization, compare Example 2.3. Therefore, if large dependence is required, µ automatically becomes small.
Lemma 3.4 (Upper bound for α ν )
We have α ν ≤ 1 − µ. Moreover, α ν is represented by
Proof
According to condition (TN), Example 2.3 shows that the drift µ is completely determined by the Lévy measure of Λ and is given by
Hence, we obtain
From this, we obtain 
Choosing the Lévy measure as above corresponds to a pure jump subordinator of Poisson type Λ t = J N t , where N is a Poisson process with intensity given by 1 − exp(−J) −1 .
For a given jump size J, this is precisely the intensity such that the time-change Λ satisfies (TN) for the unit exponential distribution. We have that 1 − exp(−J) −1 increases to infinity as J decreases to zero. Hence, the subordinator Λ changes its structure from finite-to infinite activity. Then, Equation (3) implies that in short time periods, the default correlation vanishes when changing from a model with few big jumps to one with infinitely many small jumps. The following lemma states the same qualitative result more formally.
Lemma 3.6 (α ν for small jumps) Suppose the Lévy subordinator Λ satisfies at least one of the following two properties:
1. The Lévy measure ν is absolutely continuous with respect to the Lebesque measure.
Λ is of compound Poisson type.
Then, the function
is continuous at zero from the right, with lim x↓0 f (x) = 0.
Proof
The assertion follows from the fundamental theorem of calculus if ν is absolutely continuous with respect to the Lebesque measure. Now suppose Λ is a compound Poisson process, i.e. ν(dx) = β {dx} dD(t), where D is the jumpsize-distribution function and β > 0 is the jump intensity. Then, let {x n } n∈N be any sequence in [0, ∞) tending to zero. We find the estimate
Letting n → ∞ yields the result.
Note that most popular Lévy subordinators satisfy either one of the conditions of Lemma 3.6. The qualitative statement we can infer from Lemma 3.6 is that for small > 0, subordinators with Lévy measure ν satisfying ν [ , ∞) = 0 imply only a small dependence coefficient α ν = f ( ). Hence, significant dependence is only induced by (large) jumps of Λ. Figure 1 shows a simulation of the model with n = 125 firms over a period of 100 years. For this example, we set h(t) = h i (t) = 0.0038 t, corresponding to an exponential distribution with mean 263.16 for all default times, and
, where the intensity of the Poisson process N is set to 2.14 and the mean of the exponentially distributed random variables J i is 0.13. Hence, µ = 0.748 in order for Λ to satisfy (TN) for the unit exponential law. The upper graph shows the distribution of the i.i.d. unit exponential random variables {E i } that occur before Λ h(100) , whereas the lower graph shows the dependent default times {τ i } that occur before time t = 100. The solid line shows the path of Λ 
Dependence structure
In this section we derive the implied copula of the time-changed default times in our model. This link between stochastic processes, default times, and copulas is remarkable from a theoretical point of view and useful for the interpretation of the calibrated parameters from a practical perspective. In a first step, we investigate the dependence structure between any two firms in our portfolio. Then, we generalize Theorem 4.1 to n firms in Theorem 4.3.
Theorem 4.1 (Implied copula for two firms)
We have
, is the Cuadras-Augé copula with parameter α ∈ [0, 1].
Proof
On the one hand, we have
On the other hand, we see
Hence, the claim is proved.
Let us remark at this point that the family
of Cuadras-Augé copulas was originally presented by [6] . Moreover, we note that choosing a Lévy subordinator Λ corresponds to determining the dependence parameter α ν .
As long as we support jumps of Λ and have identical marginal default probabilities, we have that P(τ 1 = τ 2 ) > 0. In probabilistic terms, this corresponds to a singular component of C αν . Translated into our multivariate default model, this corresponds to multiple defaults at the same time. Interestingly, one can even compute the probability of joint default. Namely, it follows from [6] that
Note that G 1 = G 2 allows for the desired property of joint defaults, as illustrated in Figure 1 , which distinguishes the present framework from many other default models.
Furthermore, note that the complete range of dependence patterns from independence to complete comonotonicity is covered. If α ν = 0, e.g. if Λ t = t, the firms are independent.
In this case the copula boils down to C 0 (x, y) = x y. On the other hand, α ν = 1 corresponds to the upper Fréchet bound C 1 (x, y) = min{x, y}, which implies that both default times are completely dependent. Note that we can easily construct a sequence of Lévy subordinators {Λ k } k∈N with corresponding Lévy measures {ν k } k∈N satisfying (TN) for Exp(1) and yielding α ν k → 1 as k → ∞, see e.g. Example 6.2.
The parameter α ν allows for another intuitive interpretation, namely it equals the parameter of upper-tail dependence of the copula C αν , compare [15] , page 33. This is equivalent to the parameter of lower-tail dependence of the respective survival copulaĈ αν of C αν , which is precisely the copula of (τ 1 , τ 2 ). Therefore, we have several representations for α ν , namely
(correlation at zero)
Note that the last equality requires G 1 = G 2 and the existence of G 1 (0) > 0, according to Theorem 3.1 (d).
Remark 4.2
Using the notationĈ αν (x, y) = x + y − 1 + C αν (1 − x, 1 − y) for the actual copula of τ 1 , τ 2 , we can rewrite the result of Theorem 3.1 (c) as
With more effort it is further possible to compute the implied copula of the joint distribution of n default times. This is presented in the following theorem. 
Then, we have
Proof
This proof is an extension of the proof for n = 2 in Theorem 4.1. First, by the Lévy properties of Λ, we get for arbitrary
From this, using conditional independence, it is straightforward to calculate
In the last equation, the i-th largest element of the set {h 1 (x 1 ), . . . , h n (x n )} is denoted by h(x) (i) with the convention h(x) (0) = 0. The claim now follows immediately from Sklar's theorem, which gives
log x is strictly decreasing for i = 1, . . . , n. Note that Ψ(0) = 0.
Remark 4.4
If we specify Λ t = J N t as in Example 3.5 with J > 0 and intensity of N given by 1 − exp(−J) −1 , it follows that the induced copula is given by
where α ν = 1 − exp(−J). This copula is the exchangeable special case of the multivariate distribution presented in [6] . However, this does not hold true for general subordinators.
Homogeneous portfolio assumption
The central quantity for most pricing formulas of portfolio derivatives is the distribution of the overall portfolio-loss process. To begin with, we define the zero-recovery relativeloss process L n = {L n t } t≥0 as
L n t gives the fraction of defaulted names in the portfolio up to time t. Combined with the recovery rate, this quantity is later used to compute the portfolio-loss process. In this section we further assume G 1 = · · · = G n =: G, i.e. all default times are equal in distribution. We denote the corresponding cumulative hazard function by h(t) = − log(1−G(t)). The following theorem shows that the presented model with homogeneous firms is an Exchangeable Bernoulli Mixture Model in the sense of [10] for every fixed t ≥ 0. This provides an approximation of the portfolio-loss distribution for large portfolios and gives the exact distribution of L n t . Theorem 5.1 (Portfolio-loss distribution)
(b) For fixed t ≥ 0, L n t tends to the mixing variable 1 − exp(−Λ h(t) ) P-a.s. and in L 2 , as n tends to infinity.
(c) For m ∈ {0, 1, . . . , n},
..,n are independent and follow a Bernoulli distribution with success probability 1 − exp(−Λ h(t) ), compare Theorem 3.1.
(b) According to [10] we have a Bernoulli Mixture Model for fixed t ≥ 0 with mixing variable 1 − exp(−Λ h(t) ). The almost sure convergence then follows from [20] , page 357 ff. To show L 2 -convergence, we compute E L n t = G(t) as well as
From this, it follows that
(c) It can be computed that
The term inside the expectation may be expanded using the binomial formula
the claim then follows easily.
Being able to update the value of credit derivatives, when they are already on the run and defaults in the portfolio are observed, is important for practical applications. Let us assume that at some point in time u > 0 already k or more firms in the portfolio have defaulted. Given this information one can then update the value of the considered credit derivative. For this purpose, the distribution of L n t conditional on the number of defaults up to time u < t is required. This conditional distribution is computed below and exemplarily illustrated in Figure 2 .
In particular, for n ≥ m > k ≥ 0 we obtain the updated portfolio-loss distribution, conditional on the number of defaults that have been observed up to time u, via
where we compute the terms on the right-hand side as shown above and in Theorem 5.1. Moreover, for each l = 1, . . . , n note that {n L n t ≥ l, n L n u ≥ l} = {n L n u ≥ l} almost surely.
Proof
Using the joint density of the pair of order statistics (E (k) , E (m) ), compare [8] page 12, we compute
.
Given the last equality, the claim follows easily using the Lévy properties of Λ.
Since for A, B, C ∈ F with A ⊂ B we have that C ∩(B \A) = (C ∩B)\(C ∩A), the second claim follows by setting
Remark 5.3 (Markov-Property of the Model)
Note that the formula in Theorem 5.2 can be simplified massively using the following consideration. Let N 1 , . . . , N n be independent Poisson processes with unit intensity, independent of Λ. Then, clearly the process
is an additive process, i.e. it has independent increments. Note that N Λ h(t) is a Lévy process if h(t) = λ t for some λ > 0, that is if the marginal default probability is given by the exponential distribution. If we denote by F = {F t } t≥0 the natural filtration of N Λ h(t) , then F t contains the information about how many defaults have occured up to time t 3 . Thus, we can conclude that for 0 ≤ k ≤ m ≤ n and u ≤ t it holds that 
, where n = 20, k = 10, and T = 10. The bars in the plot represent default events. We observe that these events cause upward jumps in the probability of at least k defaults at time T .
whereL is an independent copy of L, the single difference being that the cumulative hazard function h which occurs in the definition of L is replaced by the functionh(t) = h(t + u) − h(u). Thus, the issue of updating values of credit derivatives when they are already on the run may be put down to the formula of Theorem 5.1.
Applications
Given a portfolio of credit-risky assets, the presented approach allows to introduce dependence to the individual default times. These default times, combined with the recovery rate, define the portfolio-loss process which is the relevant quantity for most risk-management purposes, e.g. if quantiles of the portfolio-loss need to be computed, and for the pricing of derivatives on credit portfolios.
The analytical formula of the distribution of the portfolio-loss process, obtained under a homogeneous portfolio assumption, makes the model attractive for practical applications. However, let us stress that even if one is not willing to assume a homogeneous portfolio, the model might be solved via a fast Monte Carlo simulation, which only requires the simulation of one Lévy subordinator and n trigger variables in each run. In the following section we exemplarily treat the pricing of CDO tranches to demonstrate the applicability as well as the model's fitting capability. Choices for Λ include a compound Poisson, a Gamma (Γ), and an Inverse Gaussian (IG) time-change. However, other choices of Λ may similarly be implemented and might further improve the calibration results.
The tranches of a Collateralized Debt Obligation (CDO)

A portfolio-CDS is a swap contract in which the insurance buyer exchanges periodic premium payments against default compensations of the insurance seller resulting from losses in some credit portfolio. CDOs are constructed by partitioning this credit portfolio in tranches with different seniority. A tranche of a CDO represents a certain loss piece of the overall portfolio which is defined via its lower and upper attachment points. The insurance seller receives periodic premium payments depending on the remaining nominal and the spread of this tranche. In return, the insurance buyer is compensated for losses affecting this tranche. Pricing of a tranche corresponds to assessing the spread such that the expected discounted payment streams of this tranche agree.
We fix a payment schedule T = {t 0 = 0 < t 1 < · · · < t M = T } and assume a constant recovery rate R = 40% for all companies. Based on the overall portfolio-loss (1 − R)L n t up to time t, the loss affecting tranche j of a CDO up to time t is given by
where l j and u j denote the lower and upper attachment points of tranche j. The remaining nominal of the portfolio at time t is given by N om t = 1 − L n t , of tranche j by N om t,j = u j − l j − L t,j . Given the payment schedule T , the annualized portfolio-CDS spread s CDS (quoted in bp), and the discount factors d t k corresponding to the time points t k , the expected discounted premium and default legs of the portfolio-CDS are given by
where ∆t k = t k − t k−1 . For tranche j, the corresponding legs are given by
Accrued interest is considered by assuming companies to default at the midpoint of two payment dates. The fair spreads s CDS and s j of the portfolio CDS and the tranches of the CDO, respectively, are computed by equating the respective expected discounted premium and default leg and solving for the spread. It became market standard to assume a running spread of 500 bp plus an upfront payment (up), quoted as a percentage of the nominal, for the equity tranche.
Specifying the subordinating Lévy process Λ to be of compound Poisson type, the Lévy measure ν has the form ν(dy) = β {dy} dD(t), where D is a cumulative distribution function on the positive axis. This choice of Lévy measure corresponds to the subordinator Λ t = µ t + Nt k=1 J k , where {J k } k∈N are i.i.d. random variables with distribution given by D and N is a Poisson process with intensity β which is independent of {J k } k∈N . That means the subordinator Λ has upward jumps of magnitude J k and the expected number of jumps within a unit time interval is β. In order for Λ to satisfy (TN) for the unit exponential law, the parameters β and D have to satisfy the relation
After β and D are specified according to Condition (4), the drift µ of the Lévy subordinator Λ is defined as
Using the large portfolio approximation from Theorem 5.1 (b), for the pricing of CDO contracts one needs to compute the expected loss of tranche [l, u], i.e.
In the current setup of a compound Poisson subordinator, this expectation is explicitly given by
For the inner expectation in the case k ≥ 1 we obtain the expression
where D * k denotes the k-th convolution of the distribution D. This means that a distribution function D implies a tractable model if the k-th convolution is known explicitly.
Before we further specify the jump-distribution D, we proof a lemma which shows that the time normalization (4) is not restrictive, i.e. we can achieve strong dependence in this model framework. In particular, the dependence coefficient α ν may take any value in [0, 1). 
Proof
Since the exponential function is convex, it follows from Jensen's inequality that
From this, both results follow immediately.
Example 6.2
Let us briefly demonstrate that the time normalization allows α ν to take any value in [0, 1). For example, let Λ t = µ t + J N t , where J ≥ 0 and N = {N t } t≥0 is a Poisson process with intensity β > 0, which corresponds to D(t) = 1 {J≤t} . For a given jump size J, Condition (4) restricts the intensity by β ≤ 1/(1 − exp(−J)). Note that if J = 0, β is arbitrary. Then, the drift µ is determined by µ = 1−β (1−exp(−J)) and the dependence coefficient α ν satisfies
Both bounds in the above inequality are sharp in the following sense: Given any value α in [0, 1), there exists an admissible pair of parameters (J, β) such that the corresponding coefficient α ν equals α. This shows that the time normalization (TN) is only a technical issue and not a restriction on the achievable dependence structures.
When fitting our model to market quotes we found it convenient to specify D as the exponential distribution with parameter η > 0. Thus, the dependence within the presented framework is determined by the two parameters (η, β). Note that µ is indirectly specified via Ψ(−1) = −1. Let us further remark that other distributions on the positive axis may alternatively be used to model the jumps which might further improve the calibration results.
Infinite acitvity subordinators
Besides compound Poisson subordinators, we also apply infinite activity subordinators to our framework. Processes of this class jump infinitely often within a unit interval of time. Well-known examples of this class are the Gamma (Γ) subordinator and the Inverse Gaussian (IG) subordinator. Their popularity is due to the fact that their Lévy measure as well as the density of their underlying infinitely divisible distribution are known explicitly. Let Λ Γ = {Λ Γ t } t≥0 and Λ IG = {Λ IG t } t≥0 be a Gamma subordinator, respectively an IG subordinator, with parameters η, β > 0. According to [23] , page 52 ff, Λ Γ t follows a Γ(β t, η)-distribution with density
and Λ IG t follows a IG(β t, η)-distribution with density
The corresponding Lévy measures are given as
For the calibration, we specify the subordinator Λ as Λ t = µ t + Λ i t , for i ∈ {Γ, IG}. Note that µ is indirectly specified by the Lévy measure of the subordinator via Ψ(−1) = −1. Hence, the dependence structure is determined by the pair of parameters (η, β). Moreover, note that the required expectations (5) can be computed efficiently using numerical integration, since the densities are known in closed form.
The calibration to iTraxx quotes
The payment streams for the calibration are in concordance with the iTraxx conventions, i.e. quarter-yearly premium payments and attachment points [0%, 3%], [3%, 6%], [6%, 9%], [9%, 12%], and [12%, 22%] for the tranches. Further required input are discount factors, these were obtained from risk-free par yields. Market quotes, to which we calibrate our model, comprise the portfolio-CDS spreads with maturities three and five years, the upfront payment for the first tranche, and spreads for the remaining tranches; all tranche spreads for contracts maturing in five years. We use one week of daily data from the seventh series of iTraxx Europe ranging from June 20, 2007 , to June 26, 2007 , and run a calibration for each of these days.
Due to the seperation of dependence structure and marginal default probabilities, we can proceed in two steps. At first, we calibrate the marginal distribution G, for which we assume a piecewise linear intensity. To be precise, we let
where λ 3 and λ 5 are positive intensity parameters which we calibrate to the portfolio-CDS spreads for a three-and a five-year contract, respectively. This calibration is done via two succeeding bisection procedures. Secondly, we fix λ 3 and λ 5 and calibrate the parameters of the subordinator (η, β), specifying the dependence, to observed market spreads of the tranches of the CDO. For this, we define a grid for η. Given η, the equality Ψ(−1) = −1 defines an interval for β on which the required time normalization holds. On this interval, we choose β such that the observed upfront payment is matched perfectly by our model; if possible. This is done by a bisection procedure again. This procedure is guaranteed to find at most one solution, as the upfront payment is monotone in β. After completion of these steps, among the obtained parameter pairs that perfectly explain the upfront payment we choose (η, β) to be the minimizer of the sum of absolute deviations of market to model spreads over all tranches j ≥ 2. Due to the closed-form expression of the portfolio-loss distribution, the whole calibration requires only few seconds on a Mac iBook G4 with 1.2 GHz for all choices of Λ. The results of the calibration are shown in Table 1 . Table 1 contains the market quotes, the calibrated marginal probability parameters (λ 3 , λ 5 ) (in promille), the dependence parameters (η, β) for the corresponding model, the upfront payment (in percent), and the corresponding tranche spreads (in bp). Moreover, the absolute deviation of model spreads to market spreads E a (in bp) and the implied dependence parameter α ν (in percent) are given. We observe that minimizing the sum of absolute errors results in the fact that the second tranche is also matched each time. The reason for this phenomenon might be that the spread of this tranche is much higher than those of tranches 3, 4, and 5. Furthermore, the large clipping from tranche spread 2 to tranche spread 3, as observed in the market, causes most fitting problems. This decrease from tranche 2 to tranche 3 seems to be hard to capture for other well-known models as well, see e.g. the calibration results in [17] , [1] , and [11] . Overall, we conclude that the calibration results are satisfying for the considered period. Still, we point out that other choices for the marginal distributions or the time-change may further improve the calibration results, which will be subject of further investigations.
Conclusion
We constructed a model for a portfolio of credit-risky assets using a conditional independence approach with a stochastic time-change as common factor. Our main objective was to keep the parameters of the dependence structure separated from the parameters of the marginal default probabilities. This was achieved by choosing a suitable Lévy subordinator as stochastic clock, satisfying a so-called time normalization. This time normalization was shown to be intuitive and not too restricting to allow for a variety of different dependence patterns. In particular, we showed that the complete range from independence up to the upper Fréchet bound is admissible for the model.
Due to the separation of univariate marginals and dependence structure, the implied copula of the default times could be computed explicitly, constituting an appealing link between copulas and Lévy subordinators. For a pair of firms the induced copula was found to be of Cuadras-Augé type, which enabled us to further investigate the effect of the model parameters on the firms' dependence. In particular, the parameter of upper-tail dependence of the induced bivariate Cuadras-Augé copula may be considered as an intrinsic dependence measure in the presented framework. All these results were obtained independently of the choice of marginal distribution of the individual default times, which could be chosen quite arbitrarily. Interesting for credit-risk applications is the singular component of the copula. In other words, the model naturally supports joint defaults and a contagion effect.
Under the homogeneous-portfolio assumption, the model was introduced as a dynamic extension of Exchangeable Bernoulli Mixture Models to the case when the mixing variable is time-dependent. In this framework we were able to derive exact formulas for the portfolio-loss distribution. Moreover, we derived the loss distribution conditional on the information about earlier defaults which makes it possible to update the value of credit derivatives when they are already on the run and defaults are observed. In particular, it was illustrated that the model exhibits a contagion effect.
Finally, an approximation for large portfolios was presented and the model's efficiency was demonstrated by calibrating it to observed CDO spreads. To this end, the Lévy subordinator was specified in three different ways, as compound Poisson, Gamma, and Inverse Gaussian process. Due to the tractability of the model, the calibration to market quotes is done within few seconds in all cases. The fit to market data exhibited a satisfying performance, and was best in the Inverse Gaussian case.
